Abstract. The main purpose of this paper is to prove that there are no closed timelike geodesics in a (compact or noncompact) flat Lorentz 2-step nilmanifold N/Γ, where N is a simply connected 2-step nilpotent Lie group with a flat left-invariant Lorentz metric, and Γ a discrete subgroup of N acting on N by left translations. For this purpose, we shall first show that if N is a 2-step nilpotent Lie group endowed with a flat left-invariant Lorentz metric g, then the restriction of g to the center Z of N is degenerate. We shall then determine all 2-step nilpotent Lie groups that can admit a flat left-invariant Lorentz metric. We show that they are trivial central extensions of the threedimensional Heisenberg Lie group H 3 . If (N, g) is one such group, we prove that no timelike geodesic in (N, g) can be translated by an element of N. By the way, we rediscover that the Heisenberg Lie group H 2k+1 admits a flat left-invariant Lorentz metric if and only if k = 1.
Introduction
Based on an old result due to Tipler [19] , it is natural to conjecture that a compact Lorentz manifold admitting a globally hyperbolic regular covering contains a closed timelike geodesic. In a recent work [9] we provided, among other things, examples of compact flat Lorentz space forms without closed timelike geodesics. Since each of such spaces admits Minkowski space as its universal covering, this provides a negative answer to the above conjecture. In this paper we shall show that these examples are not isolated cases, but belong to an infinite family of which they are simplest representatives. Namely, we shall show that given a simply connected 2-step nilpotent Lie group N with a flat left-invariant Lorentz metric g, then for any lattice Γ in N , the compact flat Lorentz 2-step nilmanifold (N/Γ, g) contains no closed timelike geodesic. This will be a particular case of Theorem 3. For this, we shall first show in Lemma 3 that the restriction of g to the center Z of N is necessarily degenerate. We then determine all 2-step nilpotent Lie groups that can admit a left-invariant Lorentz metric with zero sectional curvature. We show in Theorem 1 that they are trivial central extensions of the three-dimensional Heisenberg group H 3 . This, in particular, rediscovers in passing that the generalized Heisenberg Lie group H 2k+1 admits a flat left-invariant Lorentz metric if and only if k = 1. Finally, using the explicit solutions of the geodesic equations in the case where the center is degenerate and some criteria that characterize translated geodesics, both given As a standard example of a 2-step nilpotent Lie group, we have the following: Example 1. The Heisenberg group of dimension 2n + 1.
We call the Heisenberg group of dimension 2n + 1 the vector space H 2n+1 = R×C n endowed with the group law
This means that the center Z = RZ of H 2n+1 is 1-dimensional, and it is just straightforward to verify that exp :
2.1. Left-invariant Lorentz metrics. Throughout this paper, we shall endow N ∼ = T e N with a nondegenerate (indefinite) inner product , , which in turn induces a left-invariant pseudo-Riemannian metric on the Lie group N , and we shall restrict to the Lorentz case, that is, we shall assume that , has signature (−, +, . . . , +). We shall also use the notation , for both the inner product on N and the corresponding left-invariant Lorentz metric on N.
A tangent vector X is said to be timelike, spacelike or lightlike (null) according to whether X, X < 0, > 0 or = 0, respectively. A smooth curve in N is said to be timelike, spacelike or lightlike (null) if its tangent vector field is always timelike, spacelike or lightlike (null), respectively. Similarly, a subspace V ⊂ N is said to be timelike, spacelike or lightlike (null or degenerate) if the restriction of , to V is indefinite, positive definite or degenerate, respectively. Definition 1. A 2-step nilpotent Lie group N with a left-invariant Lorentz metric , will be called a Lorentz 2-step nilpotent Lie group, and will be denoted by (N, , ) .
If the restriction of , to the center Z is nondegenerate (positive definite or indefinite), let V denote the orthogonal complement of Z in N relative to , , and so write N as an orthogonal direct sum
where ad * X Z denotes the adjoint of ad X relative to , . This equivalently means that
Notice that this map was first introduced by Kaplan [13] , [14] , [15] to study Riemannian 2-step nilmanifolds of Heisenberg type.
Similarly, if the restriction of , to Z is degenerate, namely if, considered as a vector subspace of N , the center Z is tangent to the light cone at the identity e of N, or equivalently, Z ⊂ b ⊥ for some lightlike vector b ∈ Z, then one can write Z = Z 1 ⊕ Rb, where Z 1 is a spacelike subspace of N . Since the orthogonal complement Z ⊥ 1 of Z 1 in N is timelike, one can choose a second lightlike vector c ∈ Z ⊥ 1 to get finally the orthogonal decomposition
where U 1 is a timelike subspace of N . For each z 1 + yc ∈ Z 1 ⊕ Rc, we might in a similar manner as above define a linear skew-symmetric map j (
However, we will need to alter this definition because, as we can easily check,
Instead, we will adopt the following definition:
where here Hom (U 1 ⊕ Rc, U 1 ⊕ Rb) denotes the set of all homomorphisms (i.e., linear maps) from
Now, for any z 1 + yc ∈ Z 1 ⊕ Rc, we define the linear maps
where (j (z 1 + yc) X) U1 and (j (z 1 + yc) X) b are the components of j (z 1 + yc) X in U 1 and Rb, respectively.
One can also define the skew-symmetric endomorphism
and if V 2 denotes the orthogonal complement of V 1 = ker J in U 1 , then we get the orthogonal decomposition
Since U 1 is spacelike and J is skew-symmetric, it follows that the nonzero characteristic roots of J are pure imaginary and occur in conjugate pairs. Therefore, if {±iθ 1 , . . . , ±iθ k } are the distinct nonzero characteristic roots of J, with θ i > 0 for
(orthogonal direct sum) and, relative to an orthonormal basis of W i , we can write
Covariant derivative and curvature.
Definition 2. Let (N, , ) be a Lorentz 2-step nilpotent Lie group with nondegenerate center. A two-dimensional subspace P ⊂ T x N, x ∈ N, is said to be nondegenerate if the restriction of , |P is nondegenerate. This means that
A nondegenerate plane P is said to be timelike if , |P is indefinite (that is, with signature (−, +)). Similarly, we say that P is spacelike if , |P is positive definite (that is, with signature (+, +)).
If we identify elements of N with their associated left-invariant vector fields, then for X, Y ∈ N , the covariant derivative ∇ X Y of the left-invariant Lorentz metric , satisfies the formula (cf. [3] p. 64, or [12] p. 48)
where, as above, ad * X Y and ad * Y X denote respectively the adjoints of ad X and ad Y relative to , .
The curvature tensor R is defined by
and the sectional curvature of a nondegenerate two-dimensional plane P = span {X, Y } spanned by two vectors X, Y ∈ N is given by
Remark 1. Rather than considering all sectional curvatures, it suffices for different reasons to restrict to timelike sectional curvatures (see [2] , Remark 11.6).
2.3. Geodesics. The geodesic equations are completely integrable [8] and their solutions are expressed in terms of the initial conditions and the eigenvalues of the maps j (Z) or j (z 1 + yc) according to whether Z is nondegenerate or degenerate, respectively [10] . Since we will consider only the case where Z is degenerate, we state the solutions uniquely for this case.
Let γ (t) be a geodesic in N emanating from the identity e of N , with γ (0) = z 10 + y 10 + z 0 b + y 0 c, where z 10 ∈ Z 1 , y 10 ∈ U 1 and z 0 , y 0 ∈ R. Using exponential coordinates, one can write
where
Setting X (t) = y 1 (t) + y (t) c and using Lemma 1, one obtains
, and therefore
Note that z 1 (0) = z 10 , y 1 (0) = y 10 , z (0) = z 0 and y (0) = y 0 .
Lemma 2 ([8]). Let G be a Lie group with a left-invariant pseudo-Riemannian metric induced by a nondegenerate inner product , on the Lie algebra
Then, the curves of G associated to geodesics of G are solutions of the equation
where as above ad * X stands for the adjoint of ad X relative to , . Substituting (4) into (5), we obtain the system
The solution of this system is described by the following result.
Proposition 1 ([10]
). Using the notation above, let (N, , ) be a simply connected Lorentz 2-step nilpotent Lie group with degenerate center. Let γ (t) be a geodesic in N emanating from the identity e of N such that γ (0) = z 10 +z 0 b+y 10 + y 0 c, where z 10 ∈ Z 1 , y 10 ∈ U 1 , z 0 , y 0 ∈ R, and set γ(t) = exp (z 1 (t) + z (t) b + y 1 (t) + y (t) c), where z 1 (t) ∈ Z 1 , y 1 (t) ∈ U 1 and z (t) , y (t) ∈ R for all t ∈ R. Set also J 1 (c) = c 1 + c 2 ∈ V 1 ⊕ V 2 , y 10 = y 11 + y 12 ∈ V 1 ⊕ V 2 , and X 1 = y 11 − y 0 J −1 c 2 ,
are the components on Z 1 (resp. Rb) of the following quantities:
respectively.
Translated geodesics.
Definition 3. Let γ (t) be a geodesic in (N, , ) and φ a nontrivial element of N. We say that φ translates γ by an amount ω > 0 if φ.γ (t) = γ (t + ω) for all t ∈ R. If γ (t) is a unit speed geodesic, ω is called a period of φ.
When the restriction of , to Z is degenerate, translated geodesics are characterized by the following result. and write γ (t) = a. exp (z 1 (t) + z (t) b + y 1 (t) + y (t) c) with z 1 (t) ∈ Z 1 , y 1 (t) ∈ U 1 and z (t) , y (t) ∈ R for all t ∈ R, and z 1 (0) = y 1 (0) = 0, z (0) = y (0) = 0. Then, with the notation above, the following assertions are equivalent: 
Proposition 2 ([10]). Assume that Z is degenerate and let
(1) φ.γ (t) = γ (t + ω) for all t ∈ R;(2)y (t + ω) c = (y (t) + y * 0 ) c, y 1 (t + ω) = y 1 (t) + y * 10 , z 1 (t + ω) + z (t + ω) b = z 1 (t) + z (t) b + z * * 10 + λ * b + [y * 10 + y * 0 c, y 1 (t) + y (t) c] for all t ∈ R;(+ y 0 c + X 1 , J −1 X 2 + 1 2 k i=1 J −1 ξ i , ξ i − ωJ 2 J −1 (X 2 ) , where X 2 = k i=1 ξ i ; (5) γ (0) ⊥ Z V * .a, where Z V * = exp ([y * 10 + y * 0 c, N ]); (6) γ (ω) ⊥ Z V * .φ.a = Z V * .γ (ω) .
Main results
We start with the following lemma. Proof. Assume to the contrary that , is nondegenerate on Z, and write as usual N = V ⊕ Z, where V denotes the orthogonal complement of Z relative to , . Using (1), we see for x, y ∈ V, z ∈ Z that
and if z, x are orthonormal, we compute using (3),
where = −1 or 1 depending upon whether the plane section P = span {x, z} is timelike or spacelike, respectively. Case 1: V is spacelike. In this case, to raise a contradiction it suffices by (7) to show that there exist z ∈ Z and e ∈ V such that j (z) e = 0, because this would imply that K (z, e) = 0, which is a contradiction given that we are assuming that R is identically zero. To do this, assume first that Thus, in either case, we have shown that j (z) e = 0 for suitable z ∈ Z and e ∈ V, as desired.
Case 2: V is timelike. Recall that dim V ≥ 2 since otherwise N cannot be 2-step nilpotent, and let e, e ∈ V be two orthonormal vectors so that [e, e ] = 0. In this case, the word "e, e are orthonormal" means that e, e = 0 and either e, e = e , e = 1 or e, e = − e , e = 1. Since ∇ [e,e ] e = ∇ e [e, e ] then, using the first two equations of (6), we easily compute 
We claim that dim U 1 = 1. Indeed, suppose to the contrary that dim U 1 ≥ 2. Without loss of generality, assume that dim U 1 = 2, and let e 1 , e 2 be an orthonormal basis of We now investigate the nonexistence of closed timelike geodesics in flat Lorentz 2-step nilmanifolds, but let us first recall how the examples of [9] , mentioned in the introduction, were obtained. Indeed, we start from Theorem 3.5 of [6] , saying that the Heisenberg group H 3 acts affinely and simply transitively in two different ways on R 3 . One of these actions preserves a Lorentz metric which corresponds to a left-invariant Lorentz metric on H 3 with nondegenerate restriction to the center, and so this is not a flat metric. However, the second action preserves a Lorentz metric which corresponds to a left-invariant Lorentz metric on H 3 with degenerate restriction to the center, and therefore this is a flat metric.
This As we have already noticed, these examples are not isolated cases, but belong to an infinite family of which they are simplest representatives. Namely, we have the following. Remark 4. Note that it is just as straightforward to see that even if it does not contain translated timelike geodesics, a 2-step nilpotent Lie group with a flat leftinvariant Lorentz metric should, however, contain translated lightlike geodesics. This can easily be checked in light of the proof of Theorem 2 (for a more general result concerning flat compact space forms, see [9] , Theorem 3.3).
